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, Experimental forms of the mathematics game EOUATIONS have - been
developed as' a research toel to study certain kinds of mathematical ;
behavior--for example, the kinds of mathematical problems which" b
plavers prefer to consider and force their opponents to con51der. _1
Such forms of EQUATIONS are described, player strategy analyzed, and “s-
. " _the relevance-of that analysis to the study of behavior discussed.

. . Mathematics, a well- deflned body of knowledge which can be
‘ characterized by a formal set of ‘rules, is fundamental to EOUATIONS.
The resouthes to be’ allocated are digits and operations. Vhen these
and a Goal.(the right side of an equation) ‘are preset by the
. experimenter,hzﬂklnite number of Solutions (the left Side of the
equation, and equa the Goal) can he built from the remaining
resources. The‘ii%:::£set of solutions constitutes the problem
' *space and is parfitionad into equivalence classes corresponding to
the sat of resource cubes that can be ordered and grouped into one
or more solutlons The experimental games are so designed that the
solutions in one subset of equivalence classes contain one kind of
* " mathematica] idea, the aolutlons in the other subset do ,hot- contain
that idea. . . .
Players take turns moving one resource per turn inta forbidde s
Jpermitted, and required cafegories on the playing mat. Cubes placed
in forbidden cannot be used in buildine a solution; cubes placed in >
permitted may gi usad but are not required to bte used in building a
solution, cubes” placed in required must be used in. building a solutifbn. .
Ve cannot observe which in the set of solutions a plaver is thinking
about when he~lis making cube moves. We can observe .the effect R @
, produced on equivalence classes by his cube moves. The game itself
- delineates the problem space, and we can mreasure the changes in that
" problem spacg by the way the game is plaved.
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Introduction

PEEREPEEN

This paper directs attention.to the use of resourcéwallocation
games as a research tool. Fundamental to the resource allocation games -
: o that we will describe is a body of knowledge which, when well—defined
can be characterized by a formal set of rul s, such as mathemhtics Qr
logic Statements relevant. to the body of}knowledge such as mathematical
equations that meet certain game rule‘constraints'constitute a problem
space. A resource‘is a component of'these statements.i In a.resource
o N allocation game, a player s move consistshof allocating resources within
| well—defined limits imposed by game rules which may have the effect of -
'altéring the problem space.

‘ };Several games in Layman Allen's WFF 'N PROOF series have these
. % o ‘ . ' . Y

1

. properties. The body of knowledge fundamental to WFF 'N PROOF™ is , 7
mathematical logic;-to the game of EQUAIIONSE mathematics, to the ON;SETS3 ‘
game, set theory, and to the'ON—T/:IORDS4 game, word structure.. ‘All of

. these games have\\he same gameyrule structure. <
( We shall: diréﬁt attention to Layman Allen s EQUATIONS game, describe
epo?imental forms of this game,»discuss_the analysis of player strategy v .
andmthe relevanceyog that analysis to the study/::;::hzviorr 4

@®

Description 6f EQUATIONS game

In the EQUATIONS game, a set of cubes containing single digits zero

"to nine and operations (plus, minus, multiplication, divi31on, root, and

cexponentiation) are thrown and the symHols on the upward faces comstitute

» o ©

BRI the Resources,for_that play of the game. s
A :
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The first player sets a goal by plgcing cubes from the Resources

1

onto the playing mat markej GOAL as shown in Figure l. This number is

" then the right side of the equation At this point there are a finite

number of solutions that can be built from the remaining resource cubes

o f
that can &qual that goal. This set of Solutions constitutes the problem

space; anh player in turn takes one of the resource cubes and places

i

i

. ’ + H :
L on one of three areas of the playing mat If he places the cube in .

the section marked- -Required, it means that the cube must be used in

bu lding a solution.

If he places iigip the Permitted section,yit means

~that the cube may- be used but does not have to be used in building a

solution. If he places it in the section marked Forbigden it means that -

-~

cannot be used

Cube moves‘area

~

Flubs A move

P

P-fluby¢

o A-flub:

C-flub:

The cube moves

has maae a flub move

in building a solution.

- - - N

either flubs or non-flubs. Layman Allen has restated

':the rules to define a flub move as follows

can be a P~ flub an A-flub, or a C-flub

A move is a P-flub if it [P]revents every solutian

b

, from being built no matter how the remaining plays

" when' he could have done so correetly because the

are made.

A move is an A-flub if it [A]llows a solutior with
» -~

one more move when the mover could have avcided

. . Ny
such a solution without flubbing. : e @

A move is a C-flub if the.nover fails to [C}hallenge

‘ s
previous move was a flub. e

stop when. one of ther players challenges that the mover

‘

The player who claims a solutionwcan be built has

the burden of proof and must submit a solution within the cOnstraintsﬂthat

.0

o -

- [

]




RESOURCES >
o

i

1+

., Forbidden

ﬂAny cube moved here

| must not be used in

building E_éolution.)

Permi$ted

~
AV

may ‘be used, but

does not have to be

used, in building a

solution.)

(Anxgcube'm ved here

'Reqpiredf

‘(Any cube moved ‘here
must be used in
building a solution.)

SOLUTION

GOAL

Figure 1 ,

EQUATIONS Playing Mat
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all cubes in the Required section are used, none in sthe Forbidden section
and any he chooses from the Permitted section. This very briefly describes

fhe Basié game of EQUATIONS,

‘ L.
- B T R . »

. 4

ot Game Analysis ' .

The expegimen;al version of the game retains 'all of these rules:
e , _

. ' - "y T .
In.order to make it more manageable, however, the cubes are not randomly
generated, buu,areﬁpreset ahqad of time by the experimenter. The goal

is also preseé.' Players then progée@ to play as in the Basic game, and
a feéord of e;éh cdbe‘moVe is kept. From tﬁe Player{s~pointvof view,
the experimen?al.game is like the>Ba;;c game except that he does not
throw the res;urgq cdﬁés and set the goél. : - C g

.
@

The spéérfication of the symbols on the resource cubes and on the

goal generaéas.a finite set’of solutions and constitutes the problem
space. A sgi;tion is an, expression tﬁat is a particular ogﬁgring and
grouping oégébme fesqurce cubes and that equals the goal; The set of
solutions éﬁé'be paréition&d into equivalence classes. An equivalence
;t El§§§’corr;Sponds to* the segﬂgﬁ resource cubes that can be ordered and

“

a, .

grodped into one or more solutions. -

In the sample experimental game, the first column in Table 2 lists

*

éll possiblé;solutions that can be built with the resource cubes; It

'W?li be noted ;Rﬁﬁ\éolutions #1 and #2 use: cubes +, 1, 2 and that solutions -

s
o

#g to # use clubes +, -, O, 1,i2. Thus thevcubeé used by the first two N

.S }utions ' étitute one cube set as shown in the second column of.the

1

Table. The;cﬁbe sets used;fy the possible solutions are the criteria

’ -

for partitiOning the set of possible solutions into eqdﬁvalence~c1as$es

s

/ ’ L . o hoo 2.
i )




- Goal = 3 ~
\ Resoprces +, -, 0, 1, 2.. ‘
« ) L ‘ . Representative Solution ;
Possible Solutions Cube' Sets. From Equivalence Class
L 1+2° {+,1,2} 1+ 2
2, 2+1 o '
B . . ' .
3. +2) -0 ‘ -
. (2+1) =0 *-P/\
5. (1-0)+2° oo o
{+,-,0,1,2} 1+2)-0

6. (2-0)+1 > o ‘i’

[ 7. 1+ (2-0) . o
8. 2+ (1-0) ,f

B Table 2 |
a ‘Sam‘ple Experimental Game
.« ———
. .
) =
- .
. R '../ ! <

»
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of solutions. One equivalence class consists of solutions #1 and #2 * 7

Y and correspdnds to the set of cubes (+, 1, 2); The other equivalence ¥ . Ct
class consists of sdlutions #3 - #8 and corresponds to the set of V -

cubes (+, -, 0, 1, 2). All solutions in a given equivalence class are -

defined to be variations 6f each other. ‘Thus the‘solutions 1+ 2 and

(-4 e

2 + 1 are yariations of each other because they are both in the same

- equivalence class.  °* : ' ' o

The distinction between a solution and an equivalence class of

) , solutions is important'fn the constqucﬁion and‘ahaIYSis of an experi-

mental game. ‘A player must submit a,solution to sustaih,the burden an
proof. Cube moves, as we shall see, affect equivalence classes of
- . ) - . . . ' :
. solutions. We cannot observe which in the set of solutions a player

;é/; . N “is thinking about when he is making cube moves. We can observe the

e effect prbduced on equixalence classes by his cube moves. N

Consider the effect on the equivalence classes of a move which
[ . .

places a cube in the required section. Assume for, the moment that there ‘_

~are no idehtical»cubés in resources. First, all sets of cubgs that do

o

\\\ndt contain t%at cubes (but that correspond to equivalence classes of

solutions) are extinguished. This means that all expressions ‘that had

been SOlgtiogggin these eduivalence classes can no longer be used by a
, p . ; ' :
‘player to sujtain the burden of proof. Sgcondly, such a move has the
- . . < ’ ’ )
ucing by one the number of resource.cubes needed to build

| [N

effect of re

a solution from any ; xtinguished equivalence class of 901utipns.‘
: , . o

When.a cube is aced in the.permitted 3ection, no cube set or
‘ T ! -

“corresponding equivalence classwoﬁ"solutions‘is extinguished, but all
cibe séts that tontafged that cube need one less cube from resoyrces

stain the burden of proof. <

9

to be used to s




. - When a cube 'is placed in the forbidden section,ﬂall cube‘sets (and

corresponding equivalence classes of solutions) that contained that cube

y Oy

I . i i )
are'extinguished, and the solutifas in these equivalence’ classes cannot

¢ o be used in sustaining the burden of proof.  All remaining cube sets need

N

the same number of cubes from resources to sustain the burdenqbf'proof )
as they'did before the»move. o B - ;

Thus a player on his turn has the following kinds of,control on the
sets of equiwalence classes of solutions: Heﬁcan reﬁove equivalence
classes of solutions from the problem space By extinguishing the corresponding
cube sets with cube moves to reg‘ﬂred and\forbidden. By cube moves to .
required or permitted, he can re?dce the number of cubes in a cube set. C
o which areA;eeded from resources &dlbuild a solution. If a cube move tO‘

b
required or forbidden extingu1sh£§ alls. equivalence classes of s31utions,

»>

) 5
. then no solution can be used to éustain,the burden of proof. Such a

move‘is a P=flub and can be correctly challenged. If a‘cube move to
b, -
required or permitted hag the effect of reducing to one cube the number

-

of cubes needed -from resources fdr at least one cube set, then such a
> B

o move may be an A-flub that can be correctly challenged. If a cube ﬁove

follows an unchallenged £lub move, then a C-flub has been made and the

move can be correctly challenged.

Although we are interested in the kinds of flub moves and what

.

follows them,' also of considerable interest is theaeffect of cube moves S o

on equivalence classes before a flub has been made. It is here that we

o

learn how the game is played. L

In the experiment\l games, the set of equivalence classes has been

partitioned into at least two subsets; the solutiens in ome subset of

Ed

equivalenCe classes contain one kind of mathematical idea, and those in :

"

'
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, 6
the other, subset doinot contain tﬁét'idéa. By observing which subsets

R & . . E
of equivalence classes are removed by cube moves that extinguish cube

»

sets, we hope to discover the"kinds of solutions players prefer to
R ] . o, . . v .‘ “sl
consider and force their opponents to consider.

-~

Illustrations of Analyses of Experimental Games

We will illustrate different ways the game may be pléyed in one of

thirty odd experimentél'games my colleague, Mark Plant, has_developed.

"« , I should i%ie to point out that Mr. Plant is a high school senior who

-

N

- The.first cblumn under

v

for'thilp93t two years-has been working on construcfing fﬁese games

'énd developiﬁg the)cdmputer program for aqalysiéu He hgﬁ been@§iaying
EQUATIONS and _otheé WEF 'N PROOF games s’ince'h'e was in junior high school
a isqone_of thg;past championéfof thé Acadeﬁic\Gamés'OIympics. Such
~authorities are invaluéblé in de&eiéping méaéures on how-phé gam
Plajed.. - - A | ' S ’

N . ,
As shotm in Table 3;\§he goal is 9. The resources are'specified’

on ﬁhé'next line. The.col mn marked "Cube Sets" lists all sets of cubes-

thatscan be arranéed to equal the goal. The next ‘column lists a repre-—

. £y

e ’ - . . :
sentative solution of each equivalence class that cofresgonds to each

cube set. The set of equivélence classes has been partitioned into two.

1

subsets: Subset M contains equﬂ%alénée classes of solutibns that employ

a2

£ 13
i
i 3

. . i R . ‘ .
multiplication. Subset L cont%igs_equivaleﬁce clas§§€\2f~iolhtibns that

do not employ multiplication. "+ .

-

M"Moves" lists the number of cubes in each
I 2
cube set that are in resources before the first move. In the first move

L \ . h . ’
of this hypafﬁetical game, Rx, the multiplication cube was placed in the

. .



- e =
¢ ’ /'
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: Resources +, +, /x, 1, 2,.2, 3, 4, 5, 6, 7, 8
N Number of Cubes Needed
from Resources to °~
- Complete the Solution
Cube Sets ARepresentatiéé Solution Moves '
' of Equivalefice ‘Class Rx  P3 )F+ F+ Cp
‘~ ] i . o . ’ . '“ / ] /
{+’x313237} 5 »4 4 T % s
{+yx,1,3,6} 5 4 3 3 =x
{+sx 13435} 5 4 4. &4 v'x
{+s+sx31325 7 6 6 'x 3
{+,+,x,1,2, Subset - 7 6+ 5 x b
{+,x,1,2,4} M 5 04 4 -4 x
{+,X,l,2,3}' 5 4 -3 3 'x
{'+,X;2,2,5} 5 4 ) 4 4 x
{+l.+'sx32323 BY ; 7 6 -5 X .
{+,1,8} 1+ 8 - 37 x
{+,2,7} 247 » 3 x
{+,3,61 346 . f 3 x
{+,4,5} H+5 . i 3 x
{+,+,1,2,6} © 1+ 6+ 2 ‘S“bi“ 5. x
{+,+,1,3,5} ° /1 +3+5 _ 5 x
{+s+32'32’5} 2 + 2 + 5 5 X
{+,+,2,3,4} 344+ 2 5 x )
t Q _ Q
. Table 3‘
tjbescriptioﬁ'of a Play of an Exgerimental Game
H
‘ ¢ 5 /
N e a .
© ) fe=1
: . {
’ ‘ I'd
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‘required section. Because this cub® appears in all cube sets corresponding’

DS

_ to subset M, the number of cubes needed from‘resourceslis reduced ‘by one.

., *

- All cube sets corresponding to subset L have been,ﬁ;ginguished. 'The problem

t space has been drastically modified. In this game, the first player chose o

/

. to deal only with solutions containing the multiplication operation. The

¥
r . a LY

;next ‘moves illustrate the effect -of cube moves to permitted and forbidden.
PR R , : e \ ’»L . >
: B ~'P3 meané that the 3 ‘was pla¢ed in permitted. NOfcube sets are extinguished}

!
’ Al ‘e : -
. but those containing a 3 need one less cube from resources," . S

~

. - . = . 2 . . " \1:‘,

Sl o ““The next move, F* places one of the two addition cubes in the forbidden

-

section.” It has the effect of extinguishing all solutions that conta:.nr

< 3

“both addition cubes. The addition cube remaining iﬁPthe resources may

.g' still possiblf”be used as a member of the other cube sets. . Note that all M

T 'remaining cube’ sets need the same\numben of cubes from resources as- they

needed before the.F* move. The fourth move is a P-flub It,fbrbids,the “,

rémaining addition cube and thus extinguiShes all'the'remaining cube sets
. - i ¢ ? , » ’ . ' ’
and corresponding equivalence classes of'solutions. There is no way to .

‘play the remaining resource cubes so that a solution can be built. Cp

refers-to a Peflubjchallenge made by-the next player. Table 4 illustrates

. -
. ¢

how the.same-game can be played in another way. ‘Here the first move is Fx.

vThe multiplication ‘%ube is played into the forbidden section. This has

the effect of extinguishing all cube sets corresponding to subset L Nggll
. S remaining cube sets need'the same number of cubes from ;esources'that they

-

needed before the move was mades The P2 move places one of the two 2 bes

The third move places'a 3 in the required section. It has the effdct of

- . o —
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extinguishing cube sets that do not contain,that~cube and reducing;thé

number of cubes needed from resources of each remaining cube set., The

-

a

fodrth move is an A—flub; It places one of the additmon cubes in permitted

-

This extinguishes no cube sets$ but reduces one of the cube sets to needing

A LS
.

only one- cube from resources. . Because a 3 iSmin required and a + is in
. -
permitted ‘the mover,has allowed a solutiod to be built with one more

Y. T

cube from resources -~ namely, the 6 Thus, solutions 3 + 6 or 6 + 3

O

could be used to sustain the burden of proof. .

“

'Ihese two sample games illustrate the effect of moves to required

permitted, and forbidden on the cube sets and the corresponding equivalence

classes of solutﬁons. They illustrate how P- and A-flubs can be detected
: ' ' : b . .
by the experimenter. = (If other‘cube moves are made after the flub move,

then a C-flub will have been made and can be detected. ) Most important

' they illustrate ways to play the game. such that: players are confronted

hproblem space in this way.

-

with different mathematical ideas. "g
This is oneusuggested approach'fdr’developing measures within a
dynamic game situation, The game itself‘delineates'the problem'space.

We can then measure the chenges in. that problem space by the way the -

game is played '

In the previous examples, the first move drastically altered the
% : b .

problem space in that'an'entire'subsetfwas extinguished. . In using

3
LY

experimental games we can record whether subset M or subset L or either

4

. were extinguished before a challenge is made which ends the game. We

' ? . ’ e ) n’Q‘
can also record how early in}%he game a player may choose to alter the

. ! S

0

s T

14 L

2
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: Reédurces +, +, x, 1, 2; 2, 3,.4, 5, 6{'7, 8

Cube Sets

_ Goal= 9

Representative Solution
of Equivalence Class

o

Nﬁmber of Cubes Needed . ¢
ftom Resources to
Complete thé Solutien

Moves .

]

Fx

P2 R3 P+ Ca

C{#+,x,1,2,7}
{+,x,1,3,6}
{+%,1, 405}
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Table 4

~—~

Description of a Play of an Experimental Game

H
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In the event. the first move did not,extinguish either subset and
- N ‘ oo f», r s ] ; X 1 v
was not an A-Flub, we’can go further. Before] the first move, there were
. N .
nine equivalence classes in subset M and eight in subset L. | We can

. -

observe the number of equivalence classes in the two subsets after the_

move. The ratio of M to L equivalence classes gfter the move divide&
'\ »
by the ratio of M to L equivalence classes before the move is a- number

which reklects the‘strength of the move ia extinguishing M_equivalence

-¢lasses relative to L'equivalence classes. Indeed we can classify each
‘> . ’ .

potential,move as being (1) a flub move?\(i) a move. that ektinguishes

only subset M or only subset L, (3) a ratio reflecting the strength of
the move in.exFinguishing M relative to L equivalence clasées. Thus,
. . X ) .

wwe not only can Classifv the moves that were made, but also the set of
. . > .
[ . . N :
possible moves from which that move was selected.

N

)

Discussion °

' )

In the resource allocatiorn decision a player must, at least,
evaluate 'his. own understanding of -the effects of that decision on~the

problem space and, at most, diagnose his obponent's understanding, .In

other words, he must (1) recogn%ze whether or not a resougxce allocation.
move is a flub move,A(Z)-evaluate his understanding of the possibly

altered problem space given his move, and (3) estimate Wheth%? or -not -
9
his opponent(s) will be able to evaluate that altered problem space. -

a

| Since'the problem space is finite and we{%gdeﬁined, the uncertainty is
. ' e y

) . - @
“in terms of 'a player's grasp of the preblem space and his diagnosis of

the other player's understanding“%ﬁfggt.'_ : "

e




7/ . o
- ‘/‘ . \>' 10 .
. / N . » . -
s /"// . | . 7 g | : ) ‘V - o
_’;x’ . ' It is to the player's advantage to alter: the problem space_ in
such a way that'he can still handle‘it, but that his opponent will
= incorrectly perceive it and either will make an incorrect challenge or
a flub move that the player is prepared to challenge. S : -
~In the examples given earlier, if the multiplication operation is’
- g new to most players and addition is relatively familiar t;lall an .

~ adventurous playe; who sees at least‘one solution in subset M nay choose
4 v k)

to make moves that extinguish subset L on' the presumption that his

opponents do not have the same understanding. A less confident player i
, D e

may choose to alter the problem space by extinguishing subset M. Furtherg

by allocating appropriate gesources to required or, permitted he may

&

a

bring his solutions w}thin two cubes of completion’ and hope an opponent

..

with less understanding will erroneously play one of those cubes in ~

[

, required or permitted commiting an A~flub.

All experimental games are designed under the assumption that

solutions corresponding to equivalence classes of one subset are more

’

. . difficult than those in the other ‘subset. By observing how players alter

the problem space we can estimate their willingness to use mathematical

concepts in a problem context posed by a game.

Y e

. 'Inythe usual test situation, a student is forced by the' test designEf‘

- to consider a particular pr%plem.' The purpose is to measure performance
on certain specified tasks where a high score is the reward. In the
i experimental game situation, more control of the problem to be considered

is given to the students in the/game. The purpose is to measure the

Willingness to consider certéin problems'where the reward is short or - -

a ..

.long térm winning of games. Here the player's selection and solving of

<

mathematics problems is used to solve the larger problem posed by the game.
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